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I. INTRODUCTION
The Virasoro algebra plays an important role in physics29. Kupershmidt24 investigated
the nature of this algebra13, and discussed its applications in mathematics and physics,
namely in conformal field theory and string theory4,28. Various deformations and general-
izations of this algebra were studied in the literature1,9,19. For instance, Hounkonnou et al
generalized Kupershmidt’s work24, relatively to their left-symmetry structure, derived re-
lated algebraic and some hydrodynamic properties19. The realizations of Witt and Virasoro
algebras, and their link with integrable equations were addressed in21. Besides, the link
between the Korteweg-de Vries (KdV) equation and the Virasoro algebra was pointed out
by Gervais14 and Kupershmidt24.
The q−analogue of the Lie algebras plays an important role in the study of integrable
quantum field theories, solvable statistical models, string models, and related topics in
physics and mathematics3,32. Sato29 investigated the q− version of the deformed Virasoro
algebra introduced by Curtright and Zachos11. New results on the central extension and the
operator product expansion were presented and the link between the q− Virasoro algebra
and the Volterra Poisson bracket algebra was discussed.
The q− deformed KdV equation corresponding to the q− deformed Virasoro algebra was
obtained by Chaichian et al7. This equation can be considered as a lattice system which is
a particular discretization of KdV and a deformation of conformal field theory .
Chaichian et al6 also described the q− deformations of the realisations of the conformal
algebra depending on the conformal dimension ∆. The q− deformed Jacobi identity, q−
deformed central extension, q− deformed energy-momentum tensor corresponding to the
conformal dimension ∆ = 2, and the transformation properties consistent with the q− de-
formed central extension term were also considered in their work. Chaichian and Presnajder8
realized the q− deformed Virasoro algebra using the bosonic annihilation and creation op-
erators of the q− deformed infinite Heisenberg algebra, and expressed the generators of this
new algebra as a Sugawara construction. They also presented the fermonic annihilation and
creation operators associated to the q− deformed infinite Heisenberg superalgebras.
Furthermore, the central extension of the q− deformed Witt algebra and the realization
of the q− deformed Virasoro algebra using the q− deformed operator product expansion
were studied in1. From their side, Wang et al30 presented the q− deformed Witt algebra
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and perfomed their n− algebras. The super q− deformed Virasoro n− algebra for n even
and a toy model for the q− deformed Virasoro constraints were investigated. See also the
work by Nedelina and Zabzine on the q− Virasoro constraints for a toy model25.
Chakrabarty and Jagannathan9 analyzed a (p, q)-deformation of the Virasoro algebra with
conformal dimension ∆, and defined the comultiplication rule for the generating functional
for the case ∆ = 0, 1. The central charge term for the Virasoro algebra associated to the
Jagannathan-Srinivasa deformation23 was described, and the corresponding (p, q)− deformed
nonlinear equation, also called (p, q)− Korteweg-de Vries equation, for the case ∆ = 0 was
derived.
Recently, we investigated generalizations of (p, q)− deformed Heisenberg algebras, called
R(p, q)− deformed quantum algebras, where R is a meromorphic function17. Furthermore,
we characterized the R(p, q)− deformed conformal Virasoro algebra, deduced the R(p, q)−
Korteweg-de Vries equation for a conformal dimension ∆ = 1, and discussed the energy-
momentum tensor induced by the R(p, q)− deformed quantum algebras for the conformal
dimension ∆ = 2,20.
Before dealing with the main results, let us fix, in this section, the notations and briefly
recall some definitions and known results useful in the sequel. Let p and q be two positive
real numbers such that 0 < q < p ≤ 1. We consider a meromorphic function R defined on
C× C by17
R(u, v) =
∞∑
s,t=−l
rstu
svt, (1)
with an eventual isolated singularity at the zero, where rst are complex numbers, l ∈ N∪{0} ,
R(pn, qn) > 0, ∀n ∈ N, and R(1, 1) = 0 by definition. We denote by DR the bidisk
DR :=
2∏
j=1
DRj
=
{
w = (w1, w2) ∈ C
2 : |wj| < Rj
}
,
where R is the convergence radius of the series (1) defined by Hadamard formula as follows:
lim sup
s+t−→∞
s+t
√
|rst|Rs1R
t
2 = 1.
For the proof and more details see26. Let us also consider O(DR) the set of holomorphic
functions defined on DR.
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Define the R(p, q)− deformed numbers16
[n]R(p,q) := R(p
n, qn), n ∈ N ∪ {0}, (2)
the R(p, q)− deformed factorials
[n]!R(p,q) :=


1 for n = 0
R(p, q) · · ·R(pn, qn) for n ≥ 1,
and the R(p, q)− deformed binomial coefficients
[
m
n
]
R(p,q)
:=
[m]!R(p,q)
[n]!R(p,q)[m− n]!R(p,q)
, m, n ∈ N ∪ {0}, m ≥ n
satisfying the relation
[
m
n
]
R(p,q)
=
[
m
m− n
]
R(p,q)
, m, n ∈ N ∪ {0}, m ≥ n.
Consider the following linear operators defined on O(DR), (see
17 for more details),
Q : Ψ 7−→ QΨ (z) : = Ψ (qz),
P : Ψ 7−→ PΨ (z) : = Ψ (pz),
Dp,q : Ψ 7−→ Dp,qΨ (z) : =
Ψ (pz)− Ψ (qz)
z(p− q)
,
and the R(p, q)− derivative
∂R(p,q) := ∂p,q
p− q
P −Q
R(P,Q) =
p− q
pP − qQ
R(pP , qQ)∂p,q. (3)
The algebra associated with theR(p, q)− deformation is a quantum algebra, denoted AR(p,q),
generated by the set of operators {1, A, A†, N} satisfying the following commutation rela-
tions:
AA† = [N + 1]R(p,q), A
†A = [N ]R(p,q).
[N, A] = −A,
[
N, A†
]
= A†
with the realization on O(DR) given by:
A† := z, A := ∂R(p,q), N := z∂z ,
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where ∂z :=
∂
∂z
is the derivative on C.
The Witt algebra W is the Lie algebra, which consists of derivations on the Laurent
polynomial ring K[z, z−1], given by22:
W = K[z, z−1]
d
d z
.
Setting ln := −z
n+1 d
d z
, then
W =
⊕
n∈Z
K ln,
and these generators satisfy the commutation relations:
[
ln, lm
]
= (n−m) ln+m
The Virasoro algebra
Vir =
⊕
n∈Z
KLn ⊕KC
is the Lie algebra which satisfies the following commutation relations22:
[Ln, Lm] = (n−m)Ln+m +
1
12
(n3 − n)δn+m,o C, (4)
[Vir, C] = {0},
where δi,j denotes the Kronecker delta and C the central charge.
Let us finish this series of remindings by pointing out the connection between the Virasoro
algebra and the Koterweg-de Vries (KdV) equation. For that, we use the relation (4). In
order to give the realization of the algebra V in terms of the currents which satisfy the
Korteweg-de Vries (KdV) equation, Chaichian et al define the current as follows7:
u(x) :=
6
c
∞∑
−∞
ln e
−i n x −
1
4
.
The commutation relation (4) yields the relation14:[
u(x), u(y)
]
= P δ(x− y)
=
(
∂xxx + 2 u∂x + ux
)
δ(x− y),
where P can be considered as the Hamiltonian operator13 for which the Schouten bracket
vanishes12, and hence it can be used to construct Hamiltonian systems. Indeed, defining the
so-called second Hamiltonian as :
H =
1
2
∫
u2(x) d x
5
leads to the Hamiltonian equation
ut = P gradH = uxxx + 6 u ux
which is the Korteweg-de Vries equation.
In this paper, we construct the Witt algebra, its n− version, the Virasoro algebra and its
constraints for a toy model, and the Korteweg-de Vries equation induced by the R(p, q)−
deformed quantum algebras16. We derive particular cases associated to quantum algebras
developed in the literature, and discuss their main properties.
This paper is organized as follows. In section 2, we investigate the construction of the
R(p, q)− deformed Witt algebra and derive its main properties. Section 3 is dedicated to
study the R(p, q)− deformed Virasoro algebra and associated Korteweg-de Vries (KdV)
equation. We deduct particular cases corresponding to deformed quantum algebras known
in the literature. In section 4, we investigate the related Witt n− algebra and a toy model,
and deduce relevant specific cases. We end with the concluding remarks in section 5.
II. R(p, q)− DEFORMED WITT ALGEBRA
In this section, we study the R(p, q)− deformed Witt algebra by using the R(p, q)−
derivative (3)
∂R(p,q)ϕ(z) :=
1
z
[z∂z ]R(p,q)ϕ(z) (5)
which generalizes particular derivatives known in the literature as follows:
(i) q− Heine derivative15
R(1, q) = 1 and ∂qϕ(z) =
1
z
[z∂z ]q ϕ(z);
(ii) q− Quesne derivative27
R(1, q) =
1− q−1
q − 1
and ∂qϕ(z) =
1
z
[z∂z ]q ϕ(z);
(iii) (p, q)− Jagannathan-Srinivasa derivative23
R(p, q) = 1 and ∂p,qϕ(z) =
1
z
[z∂z ]p,q ϕ(z);
6
(iv) (p−1, q)− Chakrabarty - Jagannathan derivative10
R(p, q) = 1 and ∂p−1,qϕ(z) =
1
z
[z∂z ]p−1,q ϕ(z);
(v) Hounkonnou-Ngompe generalization of q− Quesne derivative18
R(p, q) =
p q − 1
(q − p−1)q
and ∂p,qϕ(z) =
1
z
[z∂z ]p,q ϕ(z);
Let us introduce the model deformation structure functions ǫi, i ∈ {1, 2}, depending on
the deformation parameters p and q, which allow to redefine the R(p, q)−numbers (2) as
[n]R(p,q) :=
ǫn1 − ǫ
n
2
ǫ1 − ǫ2
, ǫ1 6= ǫ2 (6)
from which known particular cases can be deduced, namely:
(i) q− Arick-Coon-Kuryskin deformation2
ǫ1 = 1, ǫ2 = q and [n]q =
1− qn
1− q
;
(ii) q− Quesne deformation27
ǫ1 = 1, ǫ2 = q
−1 and [n]q =
1− q−n
q − 1
;
(iii) (p, q)− Jagannathan-Srinivasa deformation23
ǫ1 = p, ǫ2 = q and [n]p,q =
pn − qn
p− q
; (7)
(iv) (p−1, q)− Chakrabarty -Jagannathan deformation9
ǫ1 = p
−1, ǫ2 = q and [n]p−1,q =
p−n − qn
p−1 − q
;
(v) Hounkonnou-Ngompe generalization of q− Quesne deformation18
ǫ1 = p, ǫ2 = q
−1 and [n]p,q =
pn − q−n
q − p−1
;
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This R(p, q)- deformed Witt algebra is spanned by the generators e
R(p,q)
n acting on a
holomorphic function ϕ as
eR(p,q)n ϕ(z) := z
n+1 ∂R(p,q) ϕ(z),
or, equivalently, from the relation (5),
eR(p,q)n ϕ(z) =
[
z∂z − n
]
R(p,q)
zn ϕ(z).
Lemma II.1 The generators e
R(p,q)
n satisfy the commutation relation:
[
eR(p,q)n , e
R(p,q)
m
]
s,t
=
1
ǫ1 − ǫ2
(
ǫz∂z1
(
s ǫ−n1 − t ǫ
−m
1
)
− ǫz∂z2
(
s ǫ−n2 − t ǫ
−m
2
))
e
R(p,q)
n+m ,
where [
A, B
]
u,v
= uAB − v BA,
u and v are arbitrary real (or complex) numbers. For s = 1 and t = ǫm−n2 , we obtain:[
eR(p,q)n , e
R(p,q)
m
]
1,ǫm−n2
= [m− n]R(p,q) ǫ
z∂z−m
1 e
R(p,q)
n+m .
Proof. It stems from a straightforward computation. 
This suggests to define new R(p, q)− deformed generators
lR(p,q)n ϕ(z) := ǫ
−z∂z
1
[
z∂z − n
]
R(p,q)
zn ϕ(z)
whose the commutator obeys the conventional Witt algebra structure given by the next
Theorem II.1.
Theorem II.1
[
lR(p,q)n , l
R(p,q)
m
]
ǫm−n1 ,ǫ
m−n
2
= [m− n]R(p,q) l
R(p,q)
n+m (8)
and
[
lR(p,q)n , l
R(p,q)
m
]
= [m− n]R(p,q) ǫ
−z∂z+n
1 ǫ
z∂z−m
2 l
R(p,q)
n+m . (9)
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The merit of the relations (8) and (9) consists of obtaining the R(p, q)− deformed su(1, 1)
subalgebra: [
l
R(p,q)
0 , l
R(p,q)
1
]
ǫ1,ǫ2
= l
R(p,q)
1 ,[
l
R(p,q)
−1 , l
R(p,q)
0
]
ǫ1,ǫ2
= l
R(p,q)
−1 ,
and [
l
R(p,q)
−1 , l
R(p,q)
1
]
= [2]R(p,q) ǫ
−z∂z−1
1 ǫ
z∂z−1
2 l
R(p,q)
0 .
Note that:
• taking R(p, q) = 1 and ǫ1 = p
−1, we recover the (p, q)− deformed Witt algebra dis-
played in20 with the generators lp,qn acting as follows:
lp,qn ϕ(z) = p
z∂z
[
z∂z − n
]
p,q
zn ϕ(z)
and satisfying the commutation relations
[
lp,qn , l
p,q
m
]
pn−m,qm−n
= [m− n]p,q l
p,q
n+m,[
lp,qn , l
p,q
m
]
= [m− n]p,q p
z∂z−n qz∂z−m l
p,q
n+m,
with
[x]p,q =
qx − p−x
q − p−1
; (10)
• the q− deformed Witt algebra given in7 can be obtained by putting ǫ1 = q and
ǫ2 = q
−1, with the generators lqn :
lqnϕ(z) = q
−z∂z
[
z∂z − n
]
q
zn ϕ(z)
obeying the law
[
lqn, l
q
m
]
qm−n,qn−m
= [m− n]q l
q
n+m,[
lqn, l
q
m
]
= [m− n]q q
−z∂z+n q−z∂z+m l
q
n+m,
and
[x]q =
qx − q−x
q − q−1
.
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Remark II.1 We can readily deduct the Witt algebras for classes of known deformations
as follows:
(i) Taking R(1, q) = 1, which implies ǫ1 = 1 and ǫ2 = q, we obtain the q− deformed
generators:
lqnϕ(z) =
[
z∂z − n
]
q
zn ϕ(z)
satisfying the relations: [
lqn, l
q
m
]
1,qm−n
= [m− n]q l
q
n+m,[
lqn, l
q
m
]
= [m− n]q q
z∂z−m l
q
n+m.
(ii) The Witt algebra associated to the Jagannathan - Srinivasa deformation23 is ob-
tained with ǫ1 = p, ǫ2 = q, and
lp,qn ϕ(z) = p
−z∂z
[
z∂z − n
]
p,q
zn ϕ(z),
satisfying [
lp,qn , l
p,q
m
]
pm−n,qm−n
= [m− n]p,q l
p,q
n+m,[
lp,qn , l
p,q
m
]
= [m− n]p,q p
−z∂z+n qz∂z−m l
p,q
n+m.
(iii) For ǫ1 = p
−1 and ǫ2 = q, we get the Witt algebra associated to the Chakrabarty-
Jagannathan deformation10, with
lp
−1,q
n ϕ(z) = p
z∂z
[
z∂z − n
]
p−1,q
zn ϕ(z),
and [
lp
−1,q
n , l
p−1,q
m
]
pn−m,qm−n
= [m− n]p−1,q l
p−1,q
n+m ,[
lp
−1,q
n , l
p−1,q)
m
]
= [m− n]p−1,q p
z∂z−n qz∂z−m l
p−1,q
n+m .
Moreover, the (p−1, q)− deformed su(1, 1) subalgebra is here furnished by:[
l
p−1,q
0 , l
p−1,q
1
]
p−1,q
= lp
−1,q
1 ,[
l
p−1,q
−1 , l
p−1,q
0
]
p−1,q
= lp
−1,q
−1 ,[
l
p−1,q
−1 , l
p−1,q
1
]
= [2]p−1,q p
z∂z+1 qz∂z−1 l
p−1,q
0 .
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(iv) The Witt algebra corresponding to Hounkonnou-Ngompe generalization of q−
Quesne deformation18 is built by taking ǫ1 = p, ǫ2 = q
−1,
lp,qn ϕ(z) = p
−z∂z−1 q
[
z∂z − n
]
p,q
zn ϕ(z),
with the relations:
[
lp,qn , l
p,q
m
]
pm−n,qn−m
= qp−1 [m− n]p,q l
p,q
n+m,[
lp,qn , l
p,q
m
]
= qp−1 [m− n]p,q p
−z∂z+n q−z∂z+m l
p,q
n+m.
Furthermore, its su(1, 1) subalgebra is realized as follows:
[
l
p,q
0 , l
p,q
1
]
p,q−1
= qp−1 lp,q1 ,[
l
p,q
−1, l
p,q
0
]
p,q−1
= qp−1 lp,q−1,[
l
p,q
−1, l
p,q
1
]
= qp−1 [2]p,q p
−z∂z−1 q−z∂z+1 l
p,q
0 .
The R(p, q)-deformed Witt algebra (8) satisfies the Jacobi identity:
∑
(i,j,l)∈C(n,m,k)
1
(ǫ1 ǫ2)l
[2i]R(p,q)
[i]R(p,q)
[
l
R(p,q)
i ,
[
l
R(p,q)
j , l
R(p,q)
l
]
xjl,yjl
]
xi(j+l),yi(j+l)
= 0, (11)
where n, m and k are natural numbers, and C(n,m, k) refers to the cyclic permutation of
(n,m, k).
Remark II.2 Particular cases of the R(p, q)-deformed Jacobi identity (11) are deduced as
follows:
(i) For the q− deformed algebra in6:
∑
(i,j,l)∈C(n,m,k)
[2i]q
[i]q
[
l
q
i ,
[
l
q
j , l
q
l
]
xjl,yjl
]
xi(j+l),yi(j+l)
= 0.
(ii) For the Arick-Coon q− deformation2:
∑
(i,j,l)∈C(n,m,k)
1
ql
[2i]q
[i]q
[
l
q
i ,
[
l
q
j , l
q
l
]
xjl,yjl
]
xi(j+l),yi(j+l)
= 0.
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(iii) For the (p, q)− deformed algebra in9:
∑
(i,j,l)∈C(n,m,k)
(p
q
)l [2i]p,q
[i]p,q
[
l
p,q
i ,
[
l
p,q
j , l
p,q
l
]
xjl,yjl
]
xi(j+l),yi(j+l)
= 0.
(iv) For the Jagannathan-Srinivasa deformation23:
∑
(i,j,l)∈C(n,m,k)
1
(pq)l
[2i]p,q
[i]p,q
[
l
p,q
i ,
[
l
p,q
j , l
p,q
l
]
xjl,yjl
]
xi(j+l),yi(j+l)
= 0.
(v) For the Chakrabarty and Jagannathan deformation10:
∑
(i,j,l)∈C(n,m,k)
1
( q
p
)l
[2i]p−1,q
[i]p−1,q
[
l
p−1,q
i ,
[
l
p−1,q
j , l
p−1,q
l
]
xjl,yjl
]
xi(j+l),yi(j+l)
= 0.
(vi) For the Hounkonnou-Ngompe generalization of q− Quesne deformation18, corre-
sponding to ǫ1 = p and ǫ2 = q
−1:
∑
(i,j,l)∈C(n,m,k)
1
(p
q
)l
[2i]p,q
[i]p,q
[
l
p,q
i ,
[
l
p,q
j , l
p,q
l
]
xjl,yjl
]
xi(j+l),yi(j+l)
= 0.
A. Some properties of the R(p, q)-deformed Witt algebra
This section is devoted to a list of some remarkable identities pertaining to the R(p, q)−
deformed Witt algebra. For n 6= m, the R(p, q)−deformed Witt generator product yields
lR(p,q)n .l
R(p,q)
m = D
R(p,q)
n l
R(p,q)
n+m ,
where
DR(p,q)n := ǫ
−z∂z+n
1 [z∂z − n]R(p,q).
The R(p, q)− deformed Witt algebra equipped with the natural operator product ”.” is a
nonassociative algebra with associator given by the relation :
(
lR(p,q)n , l
R(p,q)
m , l
R(p,q)
k
)
:= lR(p,q)n .
(
lR(p,q)m .l
R(p,q)
k
)
−
(
lR(p,q)n .l
R(p,q)
m
)
.l
R(p,q)
k
= Rnkm −R
n
k(m+n),
where
Rilj = ǫ
−2z∂z+i+j
1 [z∂z − i]R(p,q)[z∂z − j]R(p,q)l
R(p,q)
i+j+l .
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The case n = 0 leads to an associative algebra as required with the trivial associator:(
l
R(p,q)
0 , l
R(p,q)
m , l
R(p,q)
k
)
= 0,
for all m and k.
Property II.1 [
lR(p,q)n , l
R(p,q)
m
]
= −
[
lR(p,q)m , l
R(p,q)
n
]
.
Property II.2
∑
(i,j,l)∈C(n,m,k)
(
l
R(p,q)
i , l
R(p,q)
j , l
R(p,q)
l
)
−
∑
(i,j,l)∈C(n,k,m)
(
l
R(p,q)
i , l
R(p,q)
j , l
R(p,q)
l
)
= τnmk + τ
k
nm + τ
m
kn,
where C(n,m, k) denotes the cyclic permutation of (n,m, k) and
τ
j
il = ǫ
−2z∂z+i+j
1 [z∂z − i− j]R(p,q)
(
ǫi1[z∂z − i]R(p,q) − ǫ
j
1[z∂z − j]R(p,q)
)
l
R(p,q)
i+j+l .
Property II.3
[
lR(p,q)n , l
R(p,q)
m .l
R(p,q)
k
]
= lR(p,q)m .
[
lR(p,q)n , l
R(p,q)
k
]
+
[
lR(p,q)n , l
R(p,q)
m
]
.l
R(p,q)
k
+ Rmk(m+n) −R
n
k(m+n) +R
m
nk −R
m
n(m+k).
The R(p, q)− derivation (Leibniz rule) should be satisfied if
Rmk(m+n) −R
n
k(m+n) = R
m
n(m+k) −R
m
nk.
Property II.4
(
lR(p,q)n , l
R(p,q)
m , l
R(p,q)
k
)
=
(
lR(p,q)m , l
R(p,q)
n , l
R(p,q)
k
)
+ τnmk.
Therefore, the R(p, q)− left symmetry property would require τnmk = 0.
Property II.5 The Nambu 3− bracket defined by:[
lR(p,q)n , l
R(p,q)
m , l
R(p,q)
k
]
:= lR(p,q)n
[
lR(p,q)m , l
R(p,q)
k
]
+ lR(p,q)m
[
l
R(p,q)
k , l
R(p,q)
n
]
+l
R(p,q)
k
[
lR(p,q)n , l
R(p,q)
m
]
,
yields
[
lR(p,q)n , l
R(p,q)
m , l
R(p,q)
k
]
= Rnkm +R
m
nk +R
k
mn.
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Property II.6
[[
lR(p,q)n , l
R(p,q)
m , l
R(p,q)
k .l
R(p,q)
s
]]
−
[[
lR(p,q)n , l
R(p,q)
m , l
R(p,q)
k
]]
.lR(p,q)s
−l
R(p,q)
k .
[[
lR(p,q)n , l
R(p,q)
m , l
R(p,q)
s
]]
= D
R(p,q)
n+m+k τ
m
nk.
Proposition II.1 The following identities, where the left and right multiplication operators
are defined, respectively, by:
La(b) := a.b and Ra(b) := b.a,
hold:
(i)
[
L
l
R(p,q)
n
,L
l
R(p,q)
m
]
l
R(p,q)
k = L[lR(p,q)n ,l
R(p,q)
m ]
+ τnmk, ∀k,
(ii)
[
L
l
R(p,q)
n
, R
l
R(p,q)
m
]
l
R(p,q)
k = l
R(p,q)
n .
[
l
R(p,q)
k , l
R(p,q)
m
]
+Rmkn −R
n
m(n+k).
(iii)
[
R
l
R(p,q)
n
, lR(p,q)m
]
l
R(p,q)
k = l
R(p,q)
m .
[
lR(p,q)n , l
R(p,q)
k
]
−Rmkn +R
m
k(m+n).
(iv)
[
R
l
R(p,q)
n
R
l
R(p,q)
m
+R
l
R(p,q)
n l
R(p,q)
m
]
l
R(p,q)
k = l
R(p,q)
k .
[
R
l
R(p,q)
n
(lR(p,q)m ) +RlR(p,q)m
(lR(p,q)n )
]
−Rmnk +R
k
n(m+k).
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III. R(p, q)− DEFORMED VIRASORO ALGEBRA
In this section, the R(p, q)-deformed Virasoro algebra is realized as the central extension
of the Witt algebra (8). It is generated by operators acting as follows
LR(p,q)n ϕ(z) := ǫ
−z∂z
1
[
z∂z − n
]
R(p,q)
zn ϕ(z)
obeying the commutation relations
[
LR(p,q)n , L
R(p,q)
m
]
ǫm−n1 , ǫ
m−n
2
= [m− n]R(p,q) L
R(p,q)
n+m + δn+m,o CR(p,q)(p, q), (12)
[
L
R(p,q)
k , CR(p,q)(n)
]
ǫ−k1 ,ǫ
−k
2
= 0, (13)
wth the R(p, q)− deformed central term CR(p,q)(p, q) given by
CR(p,q)(n) = C(p, q)(ǫ1 ǫ2)
−2n [n]R(p,q)
[2n]R(p,q)
[n− 1]R(p,q) [n]R(p,q) [n+ 1]R(p,q), (14)
where C(p, q) is an arbitrary function of (p, q).
It is worth noticing the realization of R(p, q)-deformed Virasoro algebras in terms of
concrete difference operators corresponding to known deformed quantum algebras as follows:
(i) For ǫ1 = 1 and ǫ2 = q, we obtain the Virasoro algebra associated to the Arick and
Coon deformation2 with the generators Lqn:
Lqnϕ(z) =
[
z∂z − n
]
q
zn ϕ(z)
satisfying the commutation relations
[
Lqn, L
q
m
]
1,qm−n
= [m− n]q L
q
n+m + δn+m,0Cq(n),[
L
q
k, Cq(n)
]
1,q−k
= 0,
with
Cq(n) = C(q)q
−2n [n]q
[2n]q
[n− 1]q [n]q [n+ 1]q.
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(ii) The Virasoro algebra associated to the Jagannathan-Srinivasa deformation23 is de-
rived by taking ǫ1 = p and ǫ2 = q, giving
Lp,qn ϕ(z) = p
−z∂z
[
z∂z − n
]
p,q
zn ϕ(z),
which induces the commutation relations:[
Lp,qn , L
p,q
m
]
pm−n,qm−n
= [m− n]p,q L
p,q
n+m + δn+m,0Cp,q(n)[
L
p,q
k , Cp,q(n)]p−k, q−k = 0,
with
Cp,q(n) = C(p, q)(p q)
−2n [n]p,q
[2n]p,q
[n− 1]p,q [n]p,q [n+ 1]p,q.
(ii) Taking ǫ1 = p
−1 and ǫ2 = q, we deduce the Virasoro algebra associated to the
Chakrabarty- Jagannathan deformation10 with the generator action :
Lp
−1,q
n ϕ(z) = p
z∂z
[
z∂z − n
]
p−1,q
zn ϕ(z),
giving the commutation relations
[
Lp
−1,q
n , L
p−1,q
m
]
pn−m,qm−n
= [m− n]p−1,q L
p−1,q
n+m + δn+m,0Cp−1,q(n)[
L
p−1,q
k , Cp−1,q(n)]pk, q−k = 0,
with
Cp−1,q(n) = C(p, q)(p
−1 q)−2n
[n]p−1,q
[2n]p−1,q
[n− 1]p−1,q [n]p−1,q [n+ 1]p−1,q.
(iv) The Virasoro algebra associated to the Hounkonnou-Ngompe generalization of q−
Quesne deformation18 can be obtained by putting ǫ1 = p and ǫ2 = q
−1 yielding :
Lp,qn ϕ(z) = p
−z∂z−1 q
[
z∂z − n
]
p,q
zn ϕ(z),
with the commutation relations:
[
Lp,qn , L
p,q
m
]
pm−n,qm−n
= p q−1[m− n]p,q L
p,q
n+m + δn+m,0Cp,q(n),[
L
p,q−1
k , Cp,q(n)]p−k, qk = 0,
and
Cp,q(n) = C(p, q)(p q
−1)−2n−1
[n]p,q
[2n]p,q
[n− 1]p,q [n]p,q [n+ 1]p,q.
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In addition, let us mention that the q− deformed Virasoro algebra given in6 is easily
recovered by taking ǫ1 = q and ǫ2 = q
−1 as follows:
Lqnϕ(z) = q
[
z∂z − n
]
q
zn ϕ(z),
with [
Lqn, L
q
m
]
qn−m,qm−n
= [m− n]q L
q
n+m + δn+m,0Cq(n),[
L
q
k, Cq(n)
]
qk,q−k
= 0
and
Cq(n) = C(q)
[n]q
[2n]q
[n− 1]q [n]q [n + 1]q,
while the (p, q)− deformed Virasoro algebra obtained in9 is deduced by setting ǫ1 = p and
ǫ2 = q with the characteristics:
Lp,qn ϕ(z) = p
−z∂z
[
z∂z − n
]
p,q
zn ϕ(z),
[
Lp,qn , L
p,q
m
]
pn−m,qm−n
= [m− n]p,q L
p,q
n+m + δn+m,0Cp,q(n),[
L
p,q
k , Cp,q(n)
]
pk,q−k
= 0,
and
Cp,q(n) = C(p, q)(p
−1 q)−2n
[n]p,q
[2n]p,q
[n− 1]p,q [n]p,q [n + 1]p,q.
A. R(p, q)− deformed Korteweg-de Vries equation
Let us now derive the R(p, q)− deformed Korteweg-de Vries (KdV) equation, and de-
duce its particular cases corresponding to known deformed quantum algebras. For that, we
redefine the R(p, q)− deformed generators as follows:
LR(p,q)n ϕ(z) := ǫ
−z∂z
2
[
z∂z − n
]
R(p,q)
zn ϕ(z),
with the commutator[
LR(p,q)n ,L
R(p,q)
m
]
= [m− n]R(p,q) ǫ
z∂z−m
1 ǫ
−z∂z+n
2 L
R(p,q)
n+m + δn+m,0 CR(p,q)(n), (15)
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where
CR(p,q)(n) = C(p, q)(ǫ1 ǫ2)
−2n ǫ
z∂z−n
1
ǫz∂z+n2
[n]R(p,q)
[2n]R(p,q)
[n− 1]R(p,q) [n]R(p,q) [n+ 1]R(p,q).
The R(p, q)− deformed current can thus be expressed by:
w(τ) :=
∑
n∈Z
LR(p,q)n e
i n τ .
We then arrive at the next statement.
Theorem III.1 The R(p, q)− deformed Korteweg-de Vries equation is written as:
2 sin τ
dv
dt
= Θ
(
e−2τ∂x v2(x)− v(x) e2τ∂x u(x)
)
− 2 CR(p,q)Θ
3 sinh 2τ∂x v(x),
where Θ =
(
ǫ1ǫ2
)−1/2
, ∆ =
(
ǫ2
ǫ1
)1/2
.
Proof. From the commutation relation (15),
w(b) e−2τ∂a δ(a− b) = e−2τ∂a w(a) δ(a− b)
and setting Θ =
(
ǫ1ǫ2
)−1/2
and ∆ =
(
ǫ2
ǫ1
)1/2
, we obtain:
[
w(a), w(b)
]
= P δ(a− b)
=
2π iΘ
2 sin τ
(
e−2τ∂aw(a)− w(a)e2τ∂a
)
∆−2Nδ(a− b)
− Θ3CR(p,q)
sinh τ∂a
sinh 2τ∂a
sinh τ(∂a + i) sinh τ∂a sinh τ(∂a − i)
sin3 τ
× ∆−2Nδ(a− b),
where P stands for the Hamiltonian operator. Then,
dw
dt
=
Θ
4 sin τ
(
e−2τ∂aw(a)− w(a)e2τ∂a
)(
∆−2Nw(a) + w(a)∆−2N
)
−
Θ3
2
CR(p,q)
sinh τ∂a
sinh 2τ∂a
sinh τ(∂a + i) sinh τ∂a sinh τ(∂a − i)
sin3 τ
×
(
∆−2Nw(a) + w(a)∆−2N
)
. (16)
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Setting w(x) = ∆2N v(x), we expand (16) as
dw
dt
=
Θ
4 sin τ
(
e−2τ∂xw(x)− w(x)e2τ∂x
)(
v(x) + w(x)∆−2N
)
−
Θ3
2
CR(p,q)
sinh τ∂x
sinh 2τ∂x
sinh τ(∂x + i) sinh τ∂x sinh τ(∂x − i)
sin3 τ
×
(
v(x) + w(x)∆−2N
)
=
Θ∆2N
4 sin τ
(
e−2τ∂x v(x)− v(x)e2τ∂x
)(
v(x) + ∆2Nv(x)∆−2N
)
−
Θ3
2
CR(p,q)
sinh τ∂x
sinh 2τ∂x
sinh τ(∂x + i) sinh τ∂x sinh τ(∂x − i)
sin3 τ
×
(
v(x) + ∆2N v(x)∆−2N
)
=
Θ∆2N
2 sin τ
(
e−2τ∂x v(x)− v(x)e2τ∂x
)
v(x)
− Θ3CR(p,q)
sinh τ∂x
sinh 2τ∂x
sinh τ(∂x + i) sinh τ∂x sinh τ(∂x − i)
sin3 τ
v(x)
yielding the R(p, q)− deformed Korteweg-de Vries equation
2 sin τ
dv
dt
= Θ
(
e−2τ∂x v2(x)− v(x) e2τ∂x v(x)
)
− 2 CR(p,q)Θ
3 sinh 2τ∂x v(x).

For ǫ1 = q and ǫ2 = q
−1, we recover the q− deformed KdV equation7:
2 sin τ
dv
dt
= e−2τ∂x v2(x)− v(x) e2τ∂x v(x)− 2 Cq sinh 2τ∂x v(x).
The (p, q)− deformed KdV equation given in9 can be obtained by taking ǫ1 = q and ǫ2 = p
−1 :
dw
dt
=
Θ
4 sin τ
(
e−2τ∂aw(a)− w(a)e2τ∂a
)(
∆−2Nw(a) + w(a)∆−2N
)
−
Θ3
2
Cp,q
sinh τ∂a
sinh 2τ∂a
sinh τ(∂a + i) sinh τ∂a sinh τ(∂a − i)
sin3 τ
×
(
∆−2Nw(a) + w(a)∆−2N
)
with Θ =
(
q p−1
)1/2
and ∆ =
(
q p
)1/2
.
Now, we can easily deduce relevant particular new Korteweg-de Vries (KdV) equations
associated with deformations spread in the literature as follows:
(i) For ǫ1 = 1 and ǫ2 = q, we deduct the KdV equation associated to the Arick and
Coon deformation2:
2 sin τ
dv
dt
= Θ
(
e−2τ∂x v2(x)− v(x) e2τ∂x
)
v(x)− 2 CqΘ
3 sinh 2τ∂x v(x)
where Θ = q−1/2.
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(ii) The Korteweg-de Vries equation associated to the Jagannathan-Sirinivasa deformation23
can be established by putting ǫ1 = p and ǫ2 = q:
2 sin τ
dv
dt
= Θ
(
e−2τ∂x v2(x)− v(x) e2τ∂x v(x)
)
− 2 Cp,qΘ
3 sinh 2τ∂x v(x)
with Θ =
(
p q
)−1/2
.
(iii) Taking ǫ1 = p
−1 and ǫ2 = q, we obtain the KdV equation associated to theChakrabarty-
Jagannathan deformation10 :
2 sin τ
dv
dt
= Θ
(
e−2τ∂x v2(x)− v(x) e2τ∂x v(x)
)
− 2 Cp−1,qΘ
3 sinh 2τ∂x v(x)
with Θ =
(
p−1 q
)−1/2
.
(iv) The KdV equation corresponding to the Hounkonnou-Ngompe generalization of
q− Quesne18 is deduced by taking ǫ1 = p and ǫ2 = q
−1 :
2 sin τ
dv
dt
= Θ
(
e−2τ∂x v2(x)− v(x) e2τ∂x v(x)
)
− 2 CQp,qΘ
3 sinh 2τ∂x v(x)
where Θ =
(
p q−1
)−1/2
.
IV. R(p, q)− DEFORMED WITT n− ALGEBRA
Let us consider the operators defined by:
T R(p
α,qα)
m := −DR(pα,qα) z
m+1, (17)
where DR(pα,qα) is the R(p, q)− deformed derivative given by:
DR(pα,qα)
(
φ(z)
)
=
pα − qα
pαP − qαQ
R(pαP , qαQ)
φ(pαz)− φ(qαz)
pα − qα
.
From (2), the operators (17) take the form
T R(p
α,qα)
m = −[m+ 1]R(pα,qα) z
m.
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Proposition IV.1 The operators (17) satisfy the product relation
T R(p
α,qα)
m .T
R(pβ ,qβ)
n = −
(
ǫ
α+β
1 − ǫ
α+β
2
)
ǫ
−mβ
1(
ǫα1 − ǫ
α
2
)(
ǫ
β
1 − ǫ
β
2
) T R(pα+β ,qα+β)m+n + ǫ(n+1)β2
ǫ
β
1 − ǫ
β
2
T
R(pα,qα)
m+n
+
ǫ
−mβ
1 ǫ
(m+n+1)α
2
ǫα1 − ǫ
α
2
T
R(pβ ,qβ)
m+n (18)
and the commutation relation
[
T R(p
α,qα)
m , T
R(pβ ,qβ)
n
]
=
(
ǫ
α+β
1 − ǫ
α+β
2
)(
ǫ−nα1 − ǫ
−mβ
1
)
(
ǫα1 − ǫ
α
2
)(
ǫ
β
1 − ǫ
β
2
) T R(pα+β ,qα+β)m+n
−
ǫ
(m+n+1)β
2
(
ǫ−nα1 − ǫ
−mβ
2
)
ǫ
β
1 − ǫ
β
2
T
R(pα,qα)
m+n +
ǫ
(m+n+1)α
2
(
− ǫ−mβ1 − ǫ
−nα
2
)
ǫα1 − ǫ
α
2
T
R(pβ ,qβ)
m+n . (19)
Taking α = β = 1, we obtain:
[
T R(p,q)m ,T
R(p,q)
n
]
=
(
ǫ−n1 − ǫ
−m
1
)(
ǫ1 − ǫ2
) [2]R(p,q)T R(p2,q2)m+n
−
ǫm+n+12
ǫ1 − ǫ2
((
ǫ−n1 − ǫ
−m
2
)
−
(
ǫ−m1 − ǫ
−n
2
))
T
R(p,q)
m+n .
Note that for R(q, 1) = 1, involving ǫ1 = q and ǫ2 = q, we obtain the result given in
25:
[
T qm, T
q
n
]
=
(
[m+ 1]q − [n+ 1]q
)
T qm+n
=
(
[−n]q − [−m]q
)(
[2]qT
q2
m+n − T
q
m+n
)
.
We consider the n− bracket defined by:
[
T R(p
α1 ,qα1)
m1
, · · · , T R(p
αn ,qαn)
mn
]
:= Γi1···in1···n T
R(p
αi1 ,q
αi1 )
mi1
· · · T R(p
αin ,qαin )
min
where Γi1···in1···n is the Le´vi-Civita´ symbol given by:
Γ
j1···jp
i1···ip
= det


δ
j1
i1
· · · δj1ip
...
...
δ
jp
i1
· · · δ
jp
ip

 .
Focussing on the case with the same R(pα, qα) leads to
[
T R(p
α,qα)
m1
, · · · , T R(p
α,qα)
mn
]
= Γ1···n1···n T
R(pα,qα)
m1
· · · T R(p
α,qα)
mn .
Taking α = β in the relation (19), we obtain:
[
T R(p
α,qα)
m , T
R(pα,qα)
n
]
=
(
ǫ−nα1 − ǫ
−mα
1
)(
ǫα1 − ǫ
α
2
) [2]R(pα,qα)T R(p2α,q2α)m+n
21
−
ǫ
(m+n+1)α
2
ǫα1 − ǫ
α
2
((
ǫ−nα1 − ǫ
−mα
1
)
+
(
ǫ−nα2 − ǫ
−mα
2
))
T
R(pα,qα)
m+n .
The n− bracket can then be rewritten as follows:
[
T R(p
α,qα)
m1
, · · · , T R(p
α,qα)
mn
]
=
(−1)n+1(
ǫα1 − ǫ
α
2
)n−1(Hnα [n]R(pα,qα)T R(pnα,qnα)m1+···+mn − [n− 1]R(pα,qα)
×ǫ
α
(∑n
l=1ml+1
)
2
(
Hnα +M
n
α
)
T
R(p(n−1)α ,q(n−1)α)
m1+···+mn
)
, (20)
where
Hnα = ǫ
−α(n−1)
∑n
s=1ms
1
((
ǫα1 − ǫ
α
2
)(n2) ∏
1≤j<k≤n
(
[mk]R(pα,qα) − [mj]R(pα,qα)
)
+
∏
1≤j<k≤n
(
ǫ
αmk
2 − ǫ
αmj
2
))
and
Mnα = ǫ
−α(n−1)
∑n
s=1ms
2
((
ǫα1 − ǫ
α
2
)(n2) ∏
1≤j<k≤n
(
[mk]R(pα,qα) − [mj ]R(pα,qα)
)
+(−1)n−1
∏
1≤j<k≤n
(
ǫ
αmk
1 − ǫ
αmj
1
))
.
Note that the q− Witt n− algebra obtained in30 corresponds to the particular case of
R(q, 1) = 1 :
[
T q
α
m1
, · · · , T q
α
mn
]
=
(−1)n+1Hnα
(qα − 1)n−1
(
[n]qαT
qnα
m1+···+mn − [n− 1]qα T
q(n−1)α
m1+···+mn
)
,
with
Hnα = (q
α − 1)(
n
2) q−α(n−1)
∑n
s=1ms
∏
1≤j<k≤n
(
[mk]qα − [mj ]qα
)
.
Taking n = 3 in the relation (20), we obtain the R(p, q)− Witt 3− algebra:
[
T R(p
α,qα)
m1
, T R(p
α,qα)
m2
, T R(p
α,qα)
m3
]
=
1(
ǫα1 − ǫ
α
2
)2(H3α [3]R(pα,qα)T R(p3α,q3α)m1+···+m3 − [n− 1]R(pα,qα)
×ǫ
α
(∑3
l=1ml+1
)
2
(
H3α +M
3
α
)
T
R(p2α,q2α)
m1+···+m3
)
,
where
H3α =
(
ǫα1 − ǫ
α
2
)3
ǫ
−2α(m1+m2+m3)
1
(
[m2]R(pα,qα) − [m1]R(pα,qα)
)
×
(
[m3]R(pα,qα) − [m1]R(pα,qα)
)(
[m3]R(pα,qα) − [m2]R(pα,qα)
)
+ǫ
−2α(m1+m2+m3)
1
(
ǫαm22 − ǫ
αm1
2
)(
ǫαm32 − ǫ
αm1
2
)(
ǫαm32 − ǫ
αm2
2
)
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and
M3α =
(
ǫα1 − ǫ
α
2
)3
ǫ
−2α(m1+m2+m3)
2
(
[m2]R(pα,qα) − [m1]R(pα,qα)
)
×
(
[m3]R(pα,qα) − [m1]R(pα,qα)
)(
[m3]R(pα,qα) − [m2]R(pα,qα)
)
+ǫ
−2α(m1+m2+m3)
2
(
ǫαm21 − ǫ
αm1
1
)(
ǫαm31 − ǫ
αm1
1
)(
ǫαm31 − ǫ
αm2
1
)
.
A. A toy model for R(p, q)− Virasoro constraints
In this section, we study a toy model for the R(p, q)− deformed Virasoro constraints,
which play an important role in the study of matrix models. Let us consider the generating
function with infinitely many parameters given as follows25:
Ztoy(t) =
∫
xγ exp
(
∞∑
s=0
ts
s!
xs
)
dx,
which encodes many different integrals. The following property holds for the R(p, q)−
deformed derivative∫
R
DR(pα,qα)f(x)d x =
h(pα, qα)
ǫα1 − ǫ
α
2
(∫ +∞
−∞
f(ǫα1 x)
x
dx−
∫ +∞
−∞
f(ǫα2 x)
x
dx
)
= 0,
where
h(pα, qα) =
pα − qα
pP
α − qQα
R
(
pP
α
, qQ
α)
.
For f(x) = xm+γ+1 exp
(
∞∑
s=0
ts
s!
xs
)
, we have
∫ +∞
−∞
DR(pα,qα)
(
xm+γ+1 exp
(
∞∑
s=0
ts
s!
xs
))
d x = 0.
Considering the following expansion:
exp
(
∞∑
s=0
ts
s!
xs
)
=
∞∑
n=0
Bn(t1, · · · , tn)
xn
n!
,
where Bn is the Bell polynomials, we get:
DR(pα,qα)
(
xm+γ+1 exp
(
∞∑
s=0
ts
s!
xs
))
=
(
[m+ 1 + γ]R(pα,qα)
xm
ǫαm1
+h(pα, qα)
ǫ
α(m+1+γ)
2
ǫα1 − ǫ
α
2
∞∑
k=1
Bk(t
α
1 , · · · , t
α
k )
k!
xk+m
)
xγ exp
(
∞∑
s=0
ts
s!
xs
)
,
23
where tαk = (ǫ
αk
1 − ǫ
αk
2 )tk. Then, using the constraints on the partition function,
T
R(pα,qα)
m Z
(toy)(t) = 0, m ≥ 0,
we obtain
T
R(pα,qα)
m = [m+ 1 + γ]R(pα,qα)m! ǫ
−αm
1
∂
∂tm
+h(pα, qα)
ǫ
α(m+1+γ)
2
ǫα1 − ǫ
α
2
∞∑
k=1
(k +m)!
k!
Bk(t
α
1 , · · · , t
α
k )
∂
∂tk+m
.
Setting m¯ = m+ 1 + γ, n¯ = n+ 1 + γ, and using the substitution,
n!
∂
∂tn
←→ xn,
we get
T
R(pα,qα)
m .T
R(pβ ,qβ)
n = [n¯]R(pβ ,qβ)ǫ
−αm−β n
1 T
R(pα,qα)
n+m +
h(pα, qα)h(pβ , qβ)ǫαm¯+βn¯2
(ǫα1 − ǫ
α
2 )(ǫ
β
1 − ǫ
α
2 )
×
∞∑
k=1
∞∑
l=1
Bk(t
α
1 , · · · , t
α
k )Bl(t
β
1 , · · · , t
β
l )
1
k!
1
l!
xk+l+m+n
+
[m¯]R(pα,qα)ǫ
−αm
1 ǫ
βm¯
2 h(p
β , qβ)
ǫ
β
1 − ǫ
β
2
∞∑
k=1
Bk(t
α
1 , · · · , t
α
k )
1
k!
xm+k+n
+
[n¯]R(pβ ,qβ)ǫ
−αn
1 ǫ
βn¯
2 h(p
α, qα)
ǫα1 − ǫ
α
2
∞∑
k=1
Bk(t
β
1 , · · · , t
β
k )
1
k!
xn+k+m
−
[n¯]R(pβ ,qβ)h(p
α, qα)ǫαm¯+βn¯2
ǫ
αm+β n
1
(
ǫα1 − ǫ
α
2
) ∞∑
k=1
1
k!
Bk(t1, · · · , tk)x
k+m+n.
After computation, we get
T
R(pα,qα)
m .T
R(pβ ,qβ)
n ∼
(
ǫ
α+β
1 − ǫ
α+β
2
)
ǫ
−mβ
1
ǫ
αm+β n
1
(
ǫα1 − ǫ
α
2
)(
ǫ
β
1 − ǫ
β
2
) TR(pα+β ,qα+β)m+n − ǫ(n+1)β2
ǫ
αm+β n
1
(
ǫ
β
1 − ǫ
β
2
) TR(pα,qα)m+n
−
ǫ
−mβ
1 ǫ
(m+n+1)α
2
ǫ
αm+β n
1
(
ǫα1 − ǫ
α
2
) T R(pβ ,qβ)m+n ,
where ∼ denotes the equivalence.
B. relevant particular cases
1. Witt n− algebra associated to the Arick and Coon deformation2
PuttingR(q, 1) = 1, we obtain the q− deformed Witt n− algebra associated to theArick
and Coon deformation2. We define the q− deformed operators as follows:
T q
α
m := −Dqα z
m+1, (21)
24
where Dqα is the q− deformed derivative given by:
Dqα
(
φ(z)
)
=
φ(q z)− φ(q−1 z)
q − q−1
and the q− deformed number is
[n]qα =
qαn − q−αn
qα − q−α
.
Thus, the operators (21) are reduced to
T q
α
m = −[m+ 1]qα z
m
and satisfy the relation
[
T q
α
m , T
qβ
n
]
= [m+ 1]qα T
qβ
m+n − [n+ 1]qβT
qα
m+n.
Using the q− number, we obtain
T q
α
m .T
qβ
n = −
(qα+β − q−α−β)q−β m
(qα − q−α)(qβ − q−β)
T
qα+β
m+n +
q−β(n+1)
qβ − q−β
T q
α
m+n +
q−α(m+n+1)−β m
qα − q−α
T q
β
m+n
and the commutation relation
[
T q
α
m ,T
qβ
n
]
=
(qα+β − q−α−β)
(
q−αn − q−β m
)
(qα − q−α)(qβ − q−β)
T q
α+β
m+n +
q−β(n+1) − q−β(m+n+1)−αn
qβ − q−β
T q
α
m+n
+
q−α(m+n+1)−β m − q−α(m+1)
qα − q−α
T q
β
m+n. (22)
Taking α = β = 1 in (22), we obtain
[
T qm, T
q
n
]
=
(
q−n − q−m
)
q − q−1
(
[2]qT
q2
m+n + q
−1
(
1− q−(m+n)
)
T qm+n
)
,
which can be rewritten as:
[
T qm, T
q
n
]
=
qm
q + 1
{m− n}q
(
{2}q2T
q2
m+n − q
−1(q − 1){−m− n}qT
q
m+n
)
, (23)
where
{x} =
qx − 1
q − 1
.
Taking the limit q −→ 1, the algebra (23) gives the Witt algebra.
The n− bracket with the same qα is given by:
[
T q
α
m1 , · · · , T
qα
mn
]
= Γ1···n1···n T
qα
m1 · · · T
qα
mn .
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For β = α, the relation (22) takes the following form:
[
T q
α
m1 ,T
qα
m2
]
=
−
(
q−αm1 − q−αm2
)
qα − q−α
(
[2]qαT
q2α
m1+m2 − q
−α
(
1− q−α(m1+m2)
)
T q
α
m1+m2
)
.
By induction, we deduce the n− bracket as:
[
T q
α
m1 , · · · , T
qα
mn
]
=
(−1)n+1
(qα − q−α)n−1
(
Hnα [n]qαT
qnα
m1+···+mn − [n− 1]qα
×q−α
(∑n
l=1ml+1
)(
Hnα +M
n
α
)
T q
(n−1)α
m1+···+mn
)
, (24)
where
Hnα = q
−α(n−1)
∑n
s=1ms
(
(qα − q−α)(
n
2)
∏
1≤j<k≤n
(
[mk]qα − [mj ]qα
)
+
∏
1≤j<k≤n
(
q−αmk − q−αmj
))
and
Mnα = q
α(n−1)
∑n
s=1ms
(
(qα − q−α
)(n2) ∏
1≤j<k≤n
(
[mk]qα − [mj ]qα
)
+(−1)n−1
∏
1≤j<k≤n
(
qαmk − qαmj
))
.
Taking n = 3 in (24), we obtain the Witt 3− algebra related to the Arick and Coon
deformation2:
[
T q
α
m1 , T
qα
m2 , T
qα
m3
]
=
1(
qα − q−α
)2(H3α[3]qαT q3αm1+···+m3 − [n− 1]qα
×q−α
(∑3
l=1ml+1
)(
H3α +M
3
α
)
T q
2α
m1+···+m3
)
,
where
H3α =
(
qα − q−α
)3
q−2α(m1+m2+m3)
(
[m2]qα − [m1]qα
)(
[m3]qα − [m1]qα
)(
[m3]qα − [m2]qα
)
+q−2α(m1+m2+m3)
(
q−αm2 − q−αm1
)(
q−αm3 − q−αm1
)(
q−αm3 − q−αm2
)
and
M3α =
(
qα − q−α
)3
q2α(m1+m2+m3)
(
[m2]qα − [m1]qα
)(
[m3]qα − [m1]qα
)(
[m3]qα − [m2]qα
)
+q2α(m1+m2+m3)
(
qαm2 − qαm1
)(
qαm3 − qαm1
)(
qαm3 − qαm2
)
.
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Proposition IV.2 The operators Tq
α
m are given by:
T
qα
m = [m+ 1 + γ]qα m! q
−αm ∂
∂tm
+
q−α(m+1+γ)
qα − q−α
∞∑
k=1
(k +m)!
k!
Bk(t
α
1 , · · · , t
α
k )
∂
∂tk+m
and satisfy the product relation
T
qα
m .T
qβ
n ∼
(qα+β − q−α−β)q−mβ
qαm+β n(qα − q−α)(qβ − q−β)
T
qα+β
m+n −
q−(n+1)β
qαm+β n(qβ − q−β)
T
qα
m+n
−
q−mβ q−(m+n+1)α
qαm+β n(qα − q−α)
T q
β
m+n.
2. Witt n− algebra corresponding to the Jagannathan-Srinivassa
deformation23
The Witt n− algebra and properties corresponding to Jagannathan and Srinivassa
deformation23 can be obtained by taking R(p, q) = 1. We consider the operators defined as:
T p
α,qα
m := −Dpα,qα z
m+1, (25)
where Dpα,qα is the (p, q)− deformed derivative:
Dpα,qα
(
φ(z)
)
=
φ(pαz)− φ(qαz)
pα − qα
.
From the (p, q)− number (7), the operators (25) take the form
T p
α,qα
m = −[m+ 1]pα,qα z
m.
The operators (25) satisfy
T p
α,qα
m .T
pβ ,qβ
n = −
(pα+β − qα+β)p−mβ
(pα − qα)(pβ − qβ)
T p
α+β ,qα+β
m+n +
q(n+1)β
pβ − qβ
T p
α,qα
m+n +
p−mβq(m+n+1)α
pα − qα
T p
β ,qβ
m+n
and the commutation relation
[
T p
α,qα
m ,T
pβ ,qβ
n
]
=
(pα+β − qα+β)(p−nα − p−mβ)
(pα − qα)(pβ − qβ)
T p
α+β,qα+β
m+n −
q(m+n+1)β(p−nα − q−mβ)
pβ − qβ
T p
α,qα
m+n
+
q(m+n+1)α(p−mβ − q−nα)
pα − qα
T p
β ,qβ
m+n . (26)
Taking α = β = 1 in the above relation (26), we have:
[
T p,qm , T
p,q
n
]
=
(p−n − p−m)
(p− q)
[2]p,qT
p2,q2
m+n −
qm+n+1
p− q
(
(p−n − q−m)− (p−m − q−n)
)
T p,qm+n.
27
The n− bracket is defined by:[
T p
α1 ,qα1
m1 , · · · , T
pαn ,qαn
mn
]
:= Γi1···in1···n T
p
αi1 ,q
αi1
mi1
· · · T p
αin ,qαin
min
where Γi1···in1···n is the Le´vi-Civita´ symbol given by:
Γ
j1···jp
i1···ip
= det


δ
j1
i1
· · · δj1ip
...
...
δ
jp
i1
· · · δ
jp
ip

 .
The n− bracket with the same (pα, qα) is deduced as:[
T p
α,qα
m1
, · · · , T p
α,qα
mn
]
= Γ1···n1···n T
pα,qα
m1
· · · T p
α,qα
mn .
Putting α = β in the relation (26), we obtain:[
T p
α,qα
m , T
pα,qα
n
]
=
(p−nα − p−mα)
(pα − qα)
[2]pα,qαT
p2α,q2α
m+n
−
q(m+n+1)α
pα − qα
(
(p−nα − p−mα) + (q−nα − q−mα)
)
T p
α,qα
m+n
and the n− bracket is rewritten as follows:[
T p
α,qα
m1
, · · · , T p
α,qα
mn
]
=
(−1)n+1
(pα − qα)n−1
(
Hnα [n]pα,qαT
pnα,qnα
m1+···+mn − [n− 1]pα,qα
×qα
(∑n
l=1ml+1
)(
Hnα +M
n
α
)
T p
(n−1)α,q(n−1)α
m1+···+mn
)
, (27)
where
Hnα = (p
α − qα)(
n
2)p−α(n−1)
∑n
s=1ms
∏
1≤j<k≤n
(
[mk]pα,qα − [mj ]pα,qα
)
+p−α(n−1)
∑n
s=1ms
∏
1≤j<k≤n
(
qαmk − qαmj
)
and
Mnα = (p
α − qα)(
n
2)q−α(n−1)
∑n
s=1ms
∏
1≤j<k≤n
(
[mk]pα,qα − [mj]pα,qα
)
+(−1)n−1q−α(n−1)
∑n
s=1ms
∏
1≤j<k≤n
(
pαmk − pαmj
)
.
Taking n = 3 in the relation (27), we obtain the (p, q)− Witt 3− algebra:[
T p
α,qα
m1 , T
pα,qα
m2 , T
pα,qα
m3
]
=
1
(pα − qα)2
(
H3α [3]pα,qαT
p3α,q3α
m1+···+m3 − [n− 1]pα,qα
×qα
(∑3
l=1ml+1
)(
H3α +M
3
α
)
T p
2α,q2α
m1+···+m3
)
,
28
where
H3α = (p
α − qα)(
3
2)p−2α
∑3
s=1ms
∏
1≤j<k≤3
(
[mk]pα,qα − [mj]pα,qα
)
+p−2α
∑3
s=1ms
∏
1≤j<k≤3
(
qαmk − qαmj
)
and
M3α = (p
α − qα)(
3
2)q−2α
∑3
s=1ms
∏
1≤j<k≤3
(
[mk]pα,qα − [mj]pα,qα
)
+q−2α
∑3
s=1ms
∏
1≤j<k≤3
(
pαmk − pαmj
)
.
Proposition IV.3 The operators Tp
α,qα
m are given by
T
pα,qα
m = [m+ 1 + γ]pα,qαm! p
−αm ∂
∂tm
+
qα(m+1+γ)
pα − qα
∞∑
k=1
(k +m)!
k!
Bk(t
α
1 , · · · , t
α
k )
∂
∂tk+m
and satisfy the product relation:
T
pα,qα
m .T
pβ ,qβ
n ∼
(
p
α+β
− q
α+β
)
p−mβ
pαm+β n
(
pα − qα
)(
pβ − qβ
) Tpα+β ,qα+βm+n − q(n+1)β
pαm+β n
(
pβ − qβ
) Tpα,qαm+n
−
p−mβ q(m+n+1)α
pαm+β n
(
pα − qα
) T pβ ,qβm+n .
3. Witt n− algebra associated to the Chakrabarty and Jagannathan
deformation9
Taking ǫ1 = p
−1 and ǫ2 = q, we obtain the (p
−1, q)− deformed Witt n− algebra. The
(p−1, q)− deformed derivative is defined by
Dp−α,qα
(
φ(z)
)
:=
φ(p−αz)− φ(qαz)
p−α − qα
and the operators T p
−α,qα
m by:
T p
−α,qα
m := −Dp−α,qα z
m+1. (28)
From the (p−1, q)− number (7), the operators (28) take the form
T p
−α,qα
m = −[m+ 1]p−α,qα z
m.
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The operators (28) satisfy
T p
−α,qα
m .T
p−β ,qβ
n = −
(p−α−β − qα+β)pmβ
(p−α − qα)(p−β − qβ)
T p
−α−β ,qα+β
m+n +
q(n+1)β
p−β − qβ
T p
−α,qα
m+n
+
pmβq(m+n+1)α
p−α − qα
T p
−β ,qβ
m+n
and the commutation relation
[
T p
−α,qα
m ,T
p−β ,qβ
n
]
=
(p−α−β − p−α−β)(pnα − pmβ)
(p−α − qα)(p−β − qβ)
T p
−α−β ,qα+β
m+n −
q(m+n+1)β(pnα − q−mβ)
p−β − qβ
T p
−α,qα
m+n
+
q(m+n+1)α(pmβ − q−nα)
p−α − qα
T p
−β ,qβ
m+n . (29)
Taking α = β = 1 in the above relation (29), we have:[
T p
−1,q
m , T
p−1,q
n
]
=
(pn − pm)
(p−1 − q)
[2]p−1,qT
p−2,q2
m+n −
qm+n+1
p−1 − q
(
(pn − q−m)− (pm − q−n)
)
T p
−1,q
m+n .
We consider the n− bracket defined by:[
T p
−α1 ,qα1
m1 , · · · , T
p−αn ,qαn
mn
]
:= Γi1···in1···n T
p
−αi1 ,q
αi1
mi1
· · · T p
−αin ,qαin
min
where Γi1···in1···n is the Le´vi-Civita´ symbol given by:
Γ
j1···jp
i1···ip
= det


δ
j1
i1
· · · δj1ip
...
...
δ
jp
i1
· · · δ
jp
ip

 .
Our study is focussed on the case with the same (p−α, qα). Thus, we have[
T p
−α,qα
m1
, · · · , T p
−α,qα
mn
]
= Γ1···n1···n T
p−α,qα
m1
· · · T p
−α,qα
mn .
Putting α = β in the relation (29), we obtain:[
T p
−α,qα
m , T
p−α,qα
n
]
=
(pnα − pmα)
(p−α − qα)
[2]p−α,qαT
p−2α,q2α
m+n
−
q(m+n+1)α
p−α − qα
(
(pnα − pmα) + (q−nα − q−mα)
)
T p
−α,qα
m+n .
Then the n− bracket is given by:[
T p
−α,qα
m1
, · · · , T p
−α,qα
mn
]
=
(−1)n+1
(p−α − qα)n−1
(
Hnα [n]p−α,qαT
p−nα,qnα
m1+···+mn − [n− 1]p−α,qα
×qα
(∑n
l=1ml+1
)(
Hnα +M
n
α
)
T p
−(n−1)α,q(n−1)α
m1+···+mn
)
, (30)
where
Hnα = (p
−α − qα)(
n
2)pα(n−1)
∑n
s=1ms
∏
1≤j<k≤n
(
[mk]p−α,qα − [mj ]p−α,qα
)
30
+pα(n−1)
∑n
s=1ms
∏
1≤j<k≤n
(
qαmk − qαmj
)
and
Mnα = (p
−α − qα)(
n
2)q
−α(n−1)
∑n
s=1ms
2
∏
1≤j<k≤n
(
[mk]p−α,qα − [mj ]p−α,qα
)
+(−1)n−1q−α(n−1)
∑n
s=1ms
∏
1≤j<k≤n
(
p−αmk − p−α j
)
.
Setting n = 3 in the relation (30), we obtain the (p, q)− Witt 3− algebra:
[
T p
−α,qα
m1 , T
p−α,qα
m2 , T
p−α,qα
m3
]
=
1
(p−α − qα)2
(
H3α [3]p−α,qαT
p−3α,q3α
m1+···+m3 − [n− 1]p−α,qα
×qα
(∑3
l=1ml+1
)(
H3α +M
3
α
)
T p
−2α,q2α
m1+···+m3
)
,
where
H3α = (p
−α − qα)(
3
2)p2α
∑3
s=1 ms
∏
1≤j<k≤3
(
[mk]p−α,qα − [mj]p−α,qα
)
+p2α
∑3
s=1ms
∏
1≤j<k≤3
(
qαmk − qαmj
)
and
M3α = (p
−α − qα)(
3
2)q
−2α
∑3
s=1ms
2
∏
1≤j<k≤3
(
[mk]p−α,qα − [mj ]p−α,qα
)
+q−2α
∑3
s=1ms
∏
1≤j<k≤3
(
p−αmk − p−αmj
)
.
Proposition IV.4 The operators Tp
−α,qα
m are given by
T
p−α,qα
m = [m+ 1 + γ]p−α,qαm! p
αm ∂
∂tm
+
qα(m+1+γ)
p−α − qα
∞∑
k=1
(k +m)!
k!
Bk(t
α
1 , · · · , t
α
k )
∂
∂tk+m
and satisfy the product relation:
T
p−α,qα
m .T
p−β ,qβ
n ∼
(
p
−α−β
− q
α+β
)
p−mβ
p−αm−β n
(
p−α − qα
)(
p−β − qβ
) Tp−α−β,qα+βm+n − q(n+1)β
p−αm−β n
(
p−β − qβ
) Tp−α,qαm+n
−
p−mβ q(m+n+1)α
p−αm−β n
(
p−α − qα
) T p−β ,qβm+n .
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4. Witt n− algebra induced by the Hounkonnou-Ngompe generalization of
q− Quesne deformation18
The Witt n− algebra and properties are obtained by taking ǫ1 = p and ǫ2 = q
−1. we
define the operators T p
α,qα
m as follows:
T p
α,qα
m := −Dpα,qα z
m+1, (31)
where Dpα,qα is the derivative
Dpα,qα
(
φ(z)
)
=
φ(pαz)− φ(q−αz)
q−α − pα
.
The operators (31) satisfy
T p
α,qα
m .T
pβ ,qβ
n = −
(pα+β − q−α−β)p−mβ
(pα − q−α)(pβ − q−β)
T p
α+β ,qα+β
m+n +
q−(n+1)β
pβ − q−β
T p
α,qα
m+n
+
p−mβq−(m+n+1)α
pα − q−α
T p
β ,qβ
m+n
and the commutation relation
[
T p
α,qα
m ,T
pβ ,qβ
n
]
=
(pα+β − q−α−β)(p−nα − p−mβ)
(pα − q−α)(pβ − q−β)
T p
α+β ,qα+β
m+n −
q−(m+n+1)β(p−nα − qmβ)
pβ − q−β
T p
α,qα
m+n
+
q(m+n+1)α(p−mβ − qnα)
pα − q−α
T p
β ,qβ
m+n . (32)
Putting α = β = 1 in relation (32), yields:
[
T p,qm , T
p,q
n
]
=
q(p−n − p−m)
p(p− q−1)
[2]p,qT
p2,q2
m+n −
q−(m+n+1)
p− q−1
(
(p−n − qm)− (p−m − qn)
)
T p,qm+n.
We consider the n− bracket defined by:
[
T p
α1 ,qα1
m1
, · · · , T p
αn ,qαn
mn
]
:= Γi1···in1···n T
p
αi1 ,q
αi1
mi1
· · · T p
αin ,qαin
min
where Γi1···in1···n is the Le´vi-Civita´ symbol given by:
Γ
j1···jp
i1···ip
= det


δ
j1
i1
· · · δj1ip
...
...
δ
jp
i1
· · · δ
jp
ip

 .
Our study is focussed on the case with the same (pα, qα). Thus, we have
[
T p
α,qα
m1 , · · · , T
pα,qα
mn
]
= Γ1···n1···n T
pα,qα
m1 · · · T
pα,qα
mn .
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Putting α = β in the relation (32), we obtain:[
T p
α,qα
m , T
pα,qα
n
]
=
qα(p−nα − p−mα)
pα(pα − q−α)
[2]pα,qαT
p2α,q2α
m+n
−
q−(m+n+1)α
pα − q−α
(
(p−nα − p−mα) + (qnα − qmα)
)
T p
α,qα
m+n . (33)
From the above relation (33), we deduce the n− bracket as follows:
[
T p
α,qα
m1
, · · · , T p
α,qα
mn
]
=
(−1)n+1
(
qp−1
)α
(pα − q−α)n−1
(
Hnα [n]pα,qαT
pnα,qnα
m1+···+mn − [n− 1]pα,qα
×q−α
(∑n
l=1ml+1
)(
Hnα +M
n
α
)
T p
(n−1)α,q(n−1)α
m1+···+mn
)
, (34)
where
Hnα = (p
α − q−α)(
n
2)p−α(n−1)
∑n
s=1ms
∏
1≤j<k≤n
(
qp−1
)α(
[mk]pα,qα − [mj ]pα,qα
)
+p−α(n−1)
∑n
s=1ms
∏
1≤j<k≤n
(
q−αmk − q−αmj
)
and
Mnα = (p
α − q−α)(
n
2)qα(n−1)
∑n
s=1ms
∏
1≤j<k≤n
(
qp−1
)α(
[mk]pα,qα − [mj]pα,qα
)
+(−1)n−1qα(n−1)
∑n
s=1ms
∏
1≤j<k≤n
(
pαmk − pαmj
)
.
Taking n = 3 in the relation (34), we obtain the Witt 3− algebra correponding to the
Hounkonnou-Ngompe generalization of q− Quesne deformation18:[
T p
α,qα
m1
, T p
α,qα
m2
, T p
α,qα
m3
]
=
(
qp−1
)α
(pα − q−α)2
(
H3α [3]pα,qαT
p3α,q3α
m1+···+m3 − [n− 1]pα,qα
×q−α
(∑3
l=1ml+1
)(
H3α +M
3
α
)
T p
2α,q2α
m1+···+m3
)
,
where
H3α = (p
α − qα)(
3
2)p−2α
∑3
s=1ms
∏
1≤j<k≤3
(
qp−1
)α(
[mk]pα,qα − [mj]pα,qα
)
+p2α
∑3
s=1ms
∏
1≤j<k≤3
(
q−αmk − q−αmj
)
and
M3α = (p
α − q−α)(
3
2)q2α
∑3
s=1ms
∏
1≤j<k≤3
(
qp−1
)α(
[mk]p−α,qα − [mj ]pα,qα
)
+q−2α
∑3
s=1ms
∏
1≤j<k≤3
(
pαmk − pαmj
)
.
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Proposition IV.5 The operators Tp
α,qα
m are given by
T
pα,qα
m =
(
qp−1
)α
pαm
[m+ 1 + γ]pα,q−αm!
∂
∂tm
+
q−α(m+1+γ)
pα − q−α
∞∑
k=1
(k +m)!
k!
Bk(t
α
1 , · · · , t
α
k )
∂
∂tk+m
and satisfy the product relation:
T
pα,qα
m .T
pβ ,qβ
n ∼
(
pα+β − q−α−β
)
p−mβ
pαm+β n
(
pα − q−α
)(
pβ − q−β
) Tpα+β ,qα+βm+n − q−(n+1)β
pαm+β n
(
pβ − q−β
) Tpα,qαm+n
−
p−mβ q−(m+n+1)α
pαm+β n
(
pα − q−α
) T pβ ,qβm+n .
V. CONCLUDING AND REMARKS
We have developed a unified framework for deforming Witt and Virasoro algebras from
quantum algebras and their generalizations, as well as for establishing deformed quantum
Korteweg-de Vries equations. Furthermore, we have extended this study to the construction
of the deformed Witt n− algebra, and derived deformed Virasoro constraints for matrix
models. Interesting particular quantum deformations have been investigated and discussed.
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